Math001D H. Bourgoub

Directional Derivatives.
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Notation:
D f(x.v) The instantaneous rate of change of f in the direction of .

So. Bf»=L  and Llafix=.x-J=%

Let the curve C be the trace of the surface Z= f (X, 1) on a vertical plane parallel to the unit
vector u, and the points P(x,,V,.Z,) and Q(x, + ah, v ,+bh.z,) are on C.
Suppose Z = f(x.v) has continuous first partial derivatives.
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Let g(A) = f (% +ah ¥y + bA) = F(x.7)

g(h)— g(0
2'(0) =1ﬂ%= S (x0.70) [1]

g'(A) = f.(x. y)a+ f,(x.y)b [2]
Take =0, g'(0) = £, (xo. ¥o)a+ f,(x. }p)&
Using [1] and [2]. we get

Dy (x W) = fo(%- Yo)a+ £, (3. o) b

D, f (x0. %)= { £l ¥o). (% ¥o) (@B}
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The Gradient

Definition
Suppose Z = f(x,V) has continuous first partial derivatives, the Gradient of f is defined to

be
Vf (6 3) = { £, ). f,(x. )

Using the gradient, we can write the directional derivative as

D,f(x.¥)=Vf(x,y)-u

Remark
Note that the maximum rate of change of f occurs when the unit vector u is parallel to the
gradient.

Consider the level surface F 7t on the level Surface F{x, y.z)=k
Wehave VF(x y.z)= <F e F‘_}
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We also have d—F=(F ak.F.aizF£>:(F F,. F}-{
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for every point P(x, 1, 2) on C
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dF o :
Note that at By(x,. ¥,.2;) = =0, so VF itis perpendicular to the tangent
I

vector r'(1,).
In other words, the gradient to the level surface F(x, v, z) = k at the
point (x,. V. Z,) 15 orthagonal to the trace C defined by r(t) at the point
r(to) = {%. ¥o- 20)-
This fact can be extended to every curve r(t) that passes through P(x,. y,.2; ).
Hence VF isperpendicular to all curves r = r(t) that contain the point (3. 3. 25).
which in turn implies that VF(x,. y,.2;) is orthagonal to the surfac F(x. 3. z) = k&
at (Xg. ¥p. Zp)-

This conclude that the gradient to alevel surface at anv point P(x, v, z) is perpendicular
to the tangent plane there.

ie VF(x.y.2) L F(x.y.2)=k



